Power Series

Power Series and Interval of Convergence

An infinite series of the form
Zan(x—c)” =ag+a(z—c)+ay(r—c)? +as(z—c)P+---,
n=0

is called a power series centered at c.

Every power series has an interval of convergence and corresponding radius of convergence,
R, usually found with the help of the Ratio Test, satisfying one of the following three cases.

1. The series converges absolutely for all . The interval of convergence is (—oc, 00) and
R = o0.

2. The series converges only at c¢. In this case the “interval” of convergence degenerates
to the singleton point {c} and R = 0.

3. The series converges absolutely if |z — ¢| < R and diverges if |z — ¢| > R, where R > 0.
The interval of convergence may be (¢ — R,c+ R), [c — R,c+ R), (¢ — R,c+ R] or
l[c — R, ¢+ R], depending on the behaviour at the endpoints.

Power Series as a Function

A power series defines a function f(z) according to

o0

f(iﬂ):Zan(ﬂi—c)":ao+a1(:v—c)—l—az(a:—c)2+a3(g;_c)3_|_...’

where the domain of f is the interval of convergence of the power series.

If R > 0 or R = oo, then f is differentiable and integrable and both f/(z) and [ f(z)dx
can be found by differentiating or integrating term by term, like a polynomial. Moreover,
both f'(x) and [ f(z)dx have the same radius R and interval of convergence as f(z), ex-
cept that in the case where 0 < R < oo, the behaviour at the endpoints z = ¢4+ R may differ.



Differentiating gives

fl(z) = f:ann(w —o)" V' =a; +2a5(x — ¢) + 3as(x — ) +-- -,

n=1

Note that indexing here starts at n = 1 since the derivative of the constant term ag is zero
and so the first term corresponding to n = 0 disappears. Re-indexing the series by replacing
n by n + 1 allows the series to be written

F(@) =" anaa(n+ 1)@ — )"

n=0

The second derivative can be similarly found
f(z) = Z apn(n — 1) (x — )" % = 2ay + 6as(x — ¢) + 12a4(x — ¢)* + - -
n=2

This time indexing starts at n = 2 since the second derivatives of the first two terms ay and
aj(x — ¢) of f(x) are both zero. Re-indexing the series by replacing n by n + 2 allows the
series to be written

(@) =3 ara(n+2)(n + 1)(x - 0"

Integrating f(x) gives
/f(x)dm:C'—I—iozﬂ(m—c)"Jrl :C’—|—a0(:v—c)+ﬂ(a:—c)QqL%(x—c)?’—k---
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Analytic Functions and Taylor Series
If a function f(z) can be represented by a power series centered at ¢ with R > 0 or R = o0,

then f is said to be analytic at c. In this case, f will equal its Taylor series (or Maclaurin
series if ¢ = 0) on its interval of convergence,

f”(C) (.T o 6)2 + f”/(C)

2! g O

0 4(n)(,
@0 =3 oy = o+ PO+



The following is a list of some special Taylor Series.
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Arithmetic of Power Series

-l<z<l1

— 0 <Tr <

O<ax <2

-0 < T <00

— 0 <Tr <o

—-1<z<1

— 0 <r <

-0 < xr <00

Power series can be scalar multiplied, added, subtracted or multiplied as if they were poly-
nomials. For example, in the case of power series centered at ¢ = 0,

k i an,
n=0
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n=0

where k is any real number. Multiplying power series gives

(Z anx") (Z b,x"™ ) (ap + a17 + axx? + asz® 4+ - -+ ) (b + b1w + bow® + bgz® + - - +)
n=0

= apbo + (apby + arbg)x + (agbs + a1by + agbo)x2 + (aobs + a1by + asby + (13b0).’E3 +

= Z Z akbn,kx”
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