‘i CAMOSUN Name: _ SOLUTIONS

MATH 126 (Winter, 2015)
Term Test 3.
by George Ballinger

Ve

Answer the questions in the space provided.
This test has 7 questions for a total of 25 marks.
Express answers to counting problems as integers and show your calculations.

1. (5 marks) Consider the set of 36 alphanumeric characters consisting of 26 lette;rs A B,C,...Z,
and 10 digits 0, 1, 2, ...9. How many strings of six alphanumeric characters are there

(a) if characters cannot be repeated?

D(20,6) = 36:35:34:33-3273) = [ 4o2 Hlo 240

(b) if characters can be repeated? *

265 = 2 176 182 334

(c) that contain exactly two A’s if characters can be repeated?

Clo2) » 35" = 22 509 215

(d) that start with a letter or end with a digit if characters can be repeated?

bie 2638 43510 - 26-36-10 = 740 082 174
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2. (3 marks) A bakery sells 18 varieties of donuts and 10 types of muffins. In how many ways can
the bakery package together 12 treats, all of which are different from each other, consisting of

(a) eight donuts and four muffins?

C(18.%) clioy) = 9 187 1€

(b) at most one muffin?

Oe 1

Clg1a) » Clio,0) ¥ CQg&, 0)e C(io.1) = 3236 8o0Y

3. (2 marks) Find the coefficient of 23y in the binomial expansion of (3:5 - 2y)9

4 18-2
( )(3%‘) (—133 — (‘WB (*13 X zﬁ

(zx‘—z-v;,\q
J=° d

e :\":5, (»egé. of /X,"g (ﬂ) (’J.) -'?265'72

4. (1 mark) Find a recurrence relation for the number of ways, ay, of forming n cents of postage
(for n > 10) using just 3-cent and 10-cent stamps if the order in which the stamps are used to

form n cents matters.

ah ::’ an-gn'," a\mm
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5. (7 marks) Cupid buys a snack pack of Valentine’s Day themed Smarties. Each snack pack
contains a mix of 15 red, pink or white Smarties. Smarties of the same colour are considered
indistinguishable.

(a) How many combinations of snack packs are poss1ble7

n=3 Y= \S \
C(z+s-, 5= C(1, ,5), 126

(b) If every snack pack is guaranteed to have at. least 5 red Smarties, then how many combi-
nations of snack packs are possible? —
o left

Y\=3) A ’0

C(Z-Ho-l,l)o\'; C (lg_,m) - 64

Cupid opens his snack pack and discovers that it contains 7 red, 5 pink and 3 white Smarties.
 He then eats the Smarties one at a time by choosing them at random without paying attention
to their colour. '

(c) What is the probability that he eats a white Smartie first?

_3—-:’J5" oR”R (.o~

\

(d) How many Smarties must he eat to guarantee that he eats at least three of the same

colour?

(e) In how many different ways can he eat the Smarties?

\ - 4 |
_\E__’_-. = (03240 oR C((-;,ﬂ-c[gjs). C(3,3) = 3bo 3LD

—'513)

(f) What is the probability that he eats all the red Smarties last?

Hwags= B o 56 o ((55).C(32) = 5L

HEY

5t _
Froloa\b‘-"\a m = £Y35 0k (O,0vO 155’11
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6. (3 marks) Suppose f satisfies the divide-and-conquer recurrence relation

F(n) = 4f(n/3) +2,

whenever n = 3% for k € Zt.
(a) If £(9) = 10, then find f(81).

.,F(a-z\ - 4§(ﬂ\+ 2= 4 ()y =4,
CLg = 4F (Vs h (@) ra = /70
(b) If f(1) =5, then find f(1594323) by using the formula
| f'(l) + élog;n, Cifa=1,
-

1)+ S | ploma _ _ S 454
[f(l)—.l—’aA_l}n T ifa>1.

| 2"\ log A log4
9&\:[5—&5‘.\ \'\053 .._&':‘\ = %—-n 53__'.;:-

5943 9tz L _Z = 30283502
oa g: (\50\“{323‘) = %‘ (‘56\%32_3) 33... zé—'— = \:31(&'7108@6“[\ 2 380283

7. (4 marks) Define a function f recursively as follows:

f(0) =2,
f1) =4
f(n)=3f(n—1)+4f(n—2), forn > 2.

Use strong induction to prove that f(n) > 4™ for all n > 0.
Buse tase © F1=2214° and SU -t |
\hclw\'ive sko: Let K3 ond  Suppose ,C(‘))Lf-" Foe all o_éd'ék.
e ppose 747
TEL«\ an Par‘kcu(” F{K} qu and 7C(K~I) > L{k-'l’
WMS 7C(K-H) == 31):(;434,4,?(;(.4) 52 r€CurMMCL velahion
.>»' B-HK+ L[,_L(k'l | log JWJ‘AC*{'N‘& Aa}orf‘\-tj‘f!
= .45, 4

= 4.y4"
- L.(K+‘

oo B.‘a g+(~m3 nduction /F(n\ 2 ‘fn ';Co~r all 320;



